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VECTOR BUNDLES INDUCED FROM JET SCHEMES
BAILIN SONG
ABSTRACT. A family of holomorphic vector bundles is constructed on a complex mani-
fold X . The space of the holomorphic sections of these bundles are calculated in certain
cases. As an application, if X is an N -dimensional compact Ka¨hler manifold with holo-
nomy group SU(N), the space of holomorphic vector fields on its jet scheme Jm(X) is
calculated. We also prove that the space of the global sections of the chiral de Rham com-
plex of a K3 surface is the simpleN = 4 superconformal vertex algebra with central charge
6.
1. INTRODUCTION
On a Ricci flat compact Ka¨hler manifold X , the holomorphic sections of the bundle
given by tensors of tangent and cotangent bundles are exactly the parallel sections (page
142 of [11]). So if the holonomy group of X is G, the space of the holomorphic sections
of the bundle is isomorphic to the space of the G invariants of the fibre. In this paper,
on a complex manifold X , given holomorphic vector bundles E and F , we construct a
family of holomorphic vector bundles Am(E, F ), m ∈ Z≥0. If X is an N-dimensional
compact Hermitian manifold with the holonomy group SU(N), and E and F are sums
of copies of the holomorphic tangent and cotangent bundles, we show that the space
of the holomorphic sections of Am(E, F ) is isomorphic to the space of the Jm(SL(N,C))
invariants of the fibre of the bundle. Here Jm(SL(N,C)) is themth jet scheme of SL(N,C)
(see Theorem 5.6).
The idea of the construction of Am(E, F ) is from the jet scheme. Themth jet scheme [1]
Jm(X) of an algebraic scheme X over C is determined by its functor of points: for every
C-algebra A, we have a bijection
Hom(Spec(A), Jm(X)) ∼= Hom(Spec(A[t]/(t
m+1)), X).
There is a canonical projection pim : Jm(X) → X . If X is a projective complex manifold,
E is a vector bundle over X , then Jm(E) is a vector bundle over Jm(X). If X is Ricci
flat, we expect that sections of the bundle given by tensors of Jm(TX) and Jm(T
∗X) are
Jm(SL(N,C)) invariants of the fibre. Am(E, F ) is the vector bundle over X , such that the
sheaf of sections of Am(E, F ) is the push forward of the sheaf of sections of Sym
∗ Jm(E)⊗
∧∗Jm(F ) through pim.
There are two applications of Theorem 5.6. The first application is that we can calculate
the holomorphic vector fields on Jm(X),
Theorem 1.1. If X is an N-dimensional compact Ka¨hler manifold with holonomy group SU(N),
then the space of holomorphic vector fields on Jm(X) has dimensionm.
The second application is that we can calculate the global sections of the chiral de Rham
complex on any K3 surface.
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Theorem 1.2. If X is a K3 surface, the space of global sections of the chiral de Rham complex of
X is the simple N = 4 superconformal vertex algebra with central charge 6, which is strongly
generated by eight sections
Q(z), L(z), J(z), G(z), B(z), D(z), C(z), E(z).
This generalizes our previous result in [9], which calculates the global sections of the
chiral de Rham complex on a Kummer surface. According to [4] , on any Calabi-Yauman-
ifold, the cohomology of the chiral de Rham complex can be identified with the infinite-
volume limit of the half-twisted sigma model defined by E. Witten. This calculation may
help to understand the half-twisted sigma model on K3 surfaces.
The paper is organized as follows. In section 2, we review some basic facts of com-
plex geometry. In section 3, we construct two holomorphic vector bundles Am(E, F )
and Bm(E, F ). In section 4, we compare the holomorphic structures of Am(E, F ) and
Bm(E, F ), and calculate the mean curvature of Am(E, F ) when the mean curvatures of
E, F and TX vanish. In section 5, we give some results of the holomorphic sections of
Am(E, F ). Finally, in section 6, we calculate the global sections of the chiral de Rham
complex on a K3 surface.
2. THE CHERN CONNECTIONS AND CURVATURES
For a complex manifold X , let Ωk,lX be the space of smooth forms on X of type (k, l).
Similarly, for a holomorphic vector bundle E on X , let Ωk,lX (E) be the space of all smooth
forms of type (k, l) with values in E. Let hE = (−,−)E be a Hermitian metric on E and
∇E = ∇
1,0
E + ∂¯ be the associated Chern connection with ∇
1,0
E : Ω
0,0(E)→ Ω1,0(E). Then its
curvature is
ΘE = [∂¯,∇E] = [∂¯,∇
1,0
E ] ∈ Ω
1,1(Hom(E,E)).
Locally, if e = (e1, · · · , ep) is a holomorphic frame of E over U ⊂ X , the connection one
form θE of ∇E is given by
∇Eei =
∑
θEijej .
If we define the matrix HE = (HEij ),
HEij = (ei, ej)E,
then
θEij = ∂H
E
ilH
lj
E .
Here (H ljE ) is the inverse matrix of H
E. The curvature form of ∇E is
ΘE = ∂¯θE ∈ Ω1,1(Hom(E,E)).
Covariant derivatives of the curvature. According to [3], the tensor fields Fk = F
E
k , k ≥ 2
as higher covariant derivatives of the curvature can be defined by induction,
F2 = Θ
E ∈ Ω1,1(Hom(E,E)) = Ω0,1(Hom(T ⊗E,E)),
Fk+1 = ∇
1,0
E Fk ∈ Ω
0,1(Hom(T⊗(k−1) ⊗ E,E)), k ≥ 3.
Since ∇E is a Chern connection,
[∇1,0E ,∇
1,0
E ] = 0.
So we have a lemma from [3],
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Lemma 2.1.
Fn ∈ Ω
0,1(Hom(Symn−1 T ⊗ E,E)).
Locally, if y = (y1, · · · , yN) is a holomorphic coordinate system and e = (e1, · · · , el) is a
holomorphic frame of E on U ⊂ X , F lk,i1··· ,in is denoted by
F lk,i1··· ,inel = Fn+1(
∂
∂yi1
, · · · ,
∂
∂yin
)ek ∈ Ω
0,1(E).
If X is an Hermitian manifold with the Hermitian metric h = (−,−), let M = ME be
the mean curvature of E, i,e,
M = ΘE(
∂
∂yi
,
∂
∂y¯j
)Hij ∈ Hom(E,E).
Here Hij = (dyi, dyi). We define the tensor fieldMn =M
E
n by
M2 =M, Mn = ∇
1,0Mn−1, n ≥ 3.
Then
Mn = Fn(
∂
∂yi
,
∂
∂y¯j
)Hij ∈ Hom(Sym
n−2 T ⊗E,E).
If M = C0Id for a constant C0, then h is an Einstein-Hermitian metric. We have the
following lemma obviously,
Lemma 2.2. If hE is an Einstein-Hermitian metric, then M
E
n = 0 for n ≥ 3. If the mean
curvature of hE is zero, thenM
E
n = 0 for n ≥ 2. In particular, if the Ricci curvature of X is zero ,
thenMTn = 0 for n ≥ 2.
IfX is Ka¨hler, then for the holomorphic tangent bundle T of X ,
ΘT ∈ Ω0,1(Hom(Sym2 T, T )),
we have
Lemma 2.3.
F Tn ∈ Ω
0,1(Hom(Symn T, T )).
The Chern connections of the vector bundle with different holomorphic structures.
Assume E has another holomorphic structure given by ∂¯′ and ∇˜ is the Chern connection
corresponding to ∂¯′. LetK = ∂¯ − ∂¯′ ∈ Ω0,1(Hom(E,E)). Let K∗ ∈ Ω1,0(Hom(E,E)) be the
dual ofK, i.e. K∗ is determined by
(K(
∂
∂y¯i
)a, b) = (a,K∗(
∂
∂yi
)b).
We have the following relation between the two connections,
Lemma 2.4.
∇ = ∇˜+K −K∗
Proof. This is because that the Chern connections ∇ and ∇˜ can be determined by
∇ = ∇1,0 + ∂¯, ∇˜ = ∇˜1,0 + ∂¯′,
and for any smooth sections a, b of E,
d(a, b) = (∇a, b) + (a,∇b) = (∇˜a, b) + (a, ∇˜b).
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Now
((∇˜+K −K∗)a, b) + (a, (∇˜+K −K∗)b) = (∇˜a, b) + (a, ∇˜b) = d(a, b)
and
∇˜+K −K∗ = ∇˜1,0 + ∂¯′ +K −K∗ = ∇˜1,0 −K∗ + ∂¯
SinceK∗ ∈ Ω1,0(Hom(E,E), ∇˜1,0−K∗ takes values in Ω1,0(E). So ∇˜+K−K∗ is the Chern
connection on E corresponding to the holomorphic structure given by ∂¯. Thus by the
uniqueness of the Chern connection, ∇ = ∇˜ −K +K∗. 
LetE∨ be the dual complex vector bundle ofE, thenE∨ has two holomorphic structures
induced from the two holomorphic structures on E. The two holomorphic structures are
given by ∂¯ and ∂¯′, which are determined by
∂¯(a∨(b)) = (∂¯a∨)(b) + a∨(∂¯b) and ∂¯(a∨(b)) = (∂¯′a∨)(b) + a∨(∂¯′b)
for any section a∨ of E∨ and b of E. Let ∂¯ = ∂¯′ +K∨, then
∂¯a∨(b) = ((∂¯ +K∨)a∨)(b) + a∨((∂¯ +K)b).
ThusK∨ is determined by
(K∨a∨)(b) = −a∨(Kb).
Weitzenbo¨ck formulas. We list the followingWeitzenbo¨ck formulas for the compact Her-
mitian manifold here:
(1) If α is a smooth section of E,
∆∂¯α = ∇
∗∇α−Mα.(2.1)
(2) If X is Ka¨hler, and α is a smooth section of E = TX , then the Ricci curvature
Ricα =Mα.
And
∆∂¯α = ∇
∗∇α− Ricα.
3. VECTOR BUNDLES INDUCED FROM JET SCHEMES
Given holomorphic bundles E and F on a complex manifold X , a family of holomor-
phic vector bundles Am(E, F ),m ∈ Z≥0 will be constructed in this section.
The algebra Rm. For m ∈ Z≥0, y = (y1, · · · , yN), e = (e1, · · · , ep) and f = (f1, · · · , fq), let
Rm = Rm(y, e, f) be the algebra
C[y
(1)
1 , · · · , y
(j)
i , · · · , y
(m)
N ]⊗ C[e
(0)
1 , · · · , e
(j)
i , · · · , e
(m)
p ]⊗ ∧C[f
(0)
1 , · · · , f
(j)
i , · · · , f
(m)
q ].
Here y
(j)
i , e
(j)
i , f
(j)
i are new variables and ∧C[f
(0)
1 , · · · , f
(j)
i , · · · , , f
(m)
q ] is the exterior algebra
generated by f
(0)
1 , · · · , f
(j)
i , · · · , f
(m)
q over C. Let
R∞(y, e, f) = lim−→Rm(y, e, f).
Let
L =
∑
i,j
j y
(j)
i
∂
∂y
(j)
i
+
∑
i,j
j e
(j)
i
∂
∂e
(j)
i
+
∑
i,j
j f
(j)
i
∂
∂f
(j)
i
,
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Le =
∑
i,j
e
(j)
i
∂
∂e
(j)
i
, Lf =
∑
i,j
f
(j)
i
∂
∂f
(j)
i
.
Le, Lf , L gives a Z
3
≥0 grading of Rm(y, e, f), i.e.
Rm(y, e, f) =
⊕
j,k,l
Rm(y, e, f)[j, k, l]
with
Le(a) = ja, Lf (a) = kf, L(a) = la for a ∈ Rm(y, e, f)[j, k, l].
It is easy to see that Rm(y, e, f)[j, k, l] is a finite dimensional complex vector space. Let
Rm(y, e, f)[j, k] =
⊕
l
Rm(y, e, f)[j, k, l].
Let D˜ be the derivation on R∞[y, e, f ] given by
D˜y
(j)
i = y
(j+1)
i , D˜e
(j)
i = e
(j+1)
i , D˜f
(j)
i = f
(j+1)
i .
D˜ maps Rm(y, e, f)[j, k, l] to Rm+1(y, e, f)[j, k, l + 1].
Construction of the vector bundlesAm(E, F ). LetU be the set which consists of (U, y, e, f)
such that y = (y1, · · · , yN) is a coordinate system , e = (e1, · · · , ep) is a holomorphic frame
of E and f = (f1, · · · , fq) is a holomorphic frame of F on U . Let O(U) be the space of
holomorphic functions on U . For m ∈ Z≥0 ∪ {∞}, let
Am(U, y, e, f) = O(U)⊗Rm(y, e, f)
be the algebra of holomorphic maps from U to Rm(y, e, f). For any a ∈ Am(U, y, e, f) , let
a(x) ∈ Rm(y, e, f) be the image of a at x ∈ U .
Let
D =
∑
i
∂
∂yi
⊗ y
(1)
i + 1⊗ D˜.(3.1)
It is a derivation on A∞(U, y, e, f).
Now if (Uα, yα, eα, fα), (Uβ, yβ, eβ, fβ) ∈ U with
yα,i = fi(yβ), eα,i = gijeβ,j, fα,i = hijfβ,j on Uα ∩ Uβ,
there is a unique O(Uα ∩ Uβ) algebra isomorphism
rαβ : A∞(Uα ∩ Uβ, yα, eα, fα)→ A∞(Uα ∩ Uβ, yβ, eβ, fβ)
with
rαβ(y
(l)
α,i) = D
lf(yβ), rαβ(ϕ) = ϕ, for ϕ ∈ O(Uα ∩ Uβ),
rαβ(e
(l)
α,i) = D
l(gije
(0)
β,j), rαβ(f
(l)
α,i) = D
l(hijf
(0)
β,j ).
It is easy to see
Lemma 3.1. For a ∈ A∞(Uα ∩ Uβ , yα, eα, fα),
rαβ(Da) = D rαβ(a).
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For any x ∈ Uα ∩ Uβ , we get an isomorphism of C-algebras
rxαβ : R∞(yα, eα, fα)→ R∞(yβ, eβ, fβ)
with
rxαβ(y
(k)
α,i) = D
kfi(yβ)(x), rαβ(e
(k)
α,i) = D
k(gije
(0)
β,j)(x),(3.2)
rαβ(f
(k)
α,i ) = D
k(hijf
(0)
β,j )(x).
rαβ satisfies
rxαβ ◦ r
x
βα = Id, for x ∈ Uα ∩ Uβ,
rxβγ ◦ r
x
αβ = r
x
αγ , for x ∈ Uα ∩ Uβ ∩ Uγ .
Thus the open cover {Uα×R(yα, eα, fα) : (Uα, yα, eα, fα) ∈ U} and the transition functions
rxαβ define an algebra bundle A∞(E, F ) on X .
By (3.2), the transition functions rxαβ map Rm(yα, eα, fα)[j, k, l] to Rm(yβ, eβ, fβ)[j, k, l].
Let Am(E, F )[j, k, l], Am(E, F )[j, k] and Am(E, F ) be the subbundles of A∞[E, F ] with fi-
bres Rm[j, k, l], Rm[j, k] and Rm, respectively. We have
Am(E, F ) =
⊕
j,k,l
Am(E, F )[j, k, l],
Am(E, F )[j, k] =
⊕
l
Am(E, F )[j, k, l].
Am(E, F )[j, k, l] are finite dimensional holomorphic vector bundles. LetOm be the algebra
bundle Am(E, F )[0, 0] = Am(0, 0) and Om[l] = Am(E, F )[0, 0, l].
Let Am(E, F ), Am(E, F )[j, k] and Om be the sheaf of holomorphic sections of Am(E, F )
, Am(E, F )[j, k] and Om, respectively. Am(E, F ) are algebras of Om and Am(E, F )[j, k] are
modules of Om.
Remark 3.2. If X is a complex projective manifold, then Am(E, F )[j, k] can be induced from the
mth jet scheme of X . For each integer m ≥ 0, the sheaf Om is the push forward of the structure
sheaf of Jm(X) through pim. Jm(E) and Jm(F ) are vector bundles over Jm(X). Am(E, F )[j, k] is
the push forward of the sheaf of sections of Symj Jm(E)⊗ ∧
kJm(F ) through pim.
By Lemma 3.1, rαβ commutes with the derivationD. SoD is a derivation of the sheaf of
algebras A∞(E, F ). According to (3.1), D maps Am(E, F )[j, k, l] to Am+1(E, F )[j, k, l + 1].
Thus D is a derivation of the O∞ module A∞(E, F )[j, k].
D can be extended to a derivation of Ω0,∗U (A∞(E, F )) by assuming Dd¯yi = 0 and Df =∑
i
∂f
∂yi
y
(1)
i , for any smooth function f on U .
Vector bundlesBm(E, F ). LetBm(E, F ) be the algebra bundle constructed from the open
cover {Uα ×R(yα, eα, fα) : (Uα, yα, eα, fα) ∈ U} and the transition functions
r˜xαβ : R∞(yα, eα, fα)→ R∞(yβ, eβ , fβ).
For x ∈ Uα ∩ Uβ, r˜
x
αβ is the isomorphism of algebras given by
r˜xαβ(y
(k)
α,i) =
∂fi(yβ)
∂yβ,j
(x)y
(k)
β,j , rαβ(e
(k)
α,i) = gij(x)e
(k)
β,j(x), rαβ(f
(k)
α,i ) = hij(x)f
(k)
β,j .(3.3)
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r˜xαβ maps Rm(yα, eα, fα)[j, k, l]to Rm(yβ, eβ , fβ)[j, k, l]. Let Bm(E, F )[j, k, l], Bm(E, F )[j, k]
and Bm(E, F ) be the subbundles of B∞[E, F ] with fibres Rm[j, k, l], Rm[j, k] and Rm re-
spectively. Then Bm(E, F )[j, k, l] are finite dimensional holomorphic vector bundles. We
have
Bm(E, F ) =
⊕
j,k,l
Bm(E, F )[j, k, l](3.4)
= Sym∗(⊕1≤l≤mT
∗)⊗ Sym∗(⊕0≤l≤mE)⊗ ∧
∗(⊕0≤l≤mF ),
Bm(E, F )[j, k] =
⊕
l
Bm(E, F )[j, k, l](3.5)
= Sym∗(⊕1≤l≤mT
∗)⊗ Symj(⊕0≤l≤mE)⊗ ∧
k(⊕0≤l≤mF ).
It is easy to see that D˜ commute with rxαβ. So D˜ is a derivation of the algebra bundle
Bm(E, F ).
Let Om,1 = ⊕k>0Om[k] and Om,k = (Om,1)
k, the sub bundle of Om generated by product
of k elements of Om with positive weights. Thus
· · ·Om,k ⊂ · · · ⊂ Om,2 ⊂ Om,1 ⊂ Om,0 = Om.⊕
k≥0
Om,k/Om,k+1 ∼=
⊕
k≥0
Symk(⊕1≤l≤mT
∗
l ).
In general we have⊕
k≥0
A(E, F )[j, k]Om,l/A(E, F )[j, k]Om,l+1 = Bm(E, F )[j, k].
4. HOLOMORPHIC STRUCTURES
Let hT ∗ = (−,−)T ∗ be an Hermitian metric of the cotangent bundle T
∗ of X , and hE =
(−,−)E and hF = (−,−)F be Hermitian metrics of E and F respectively. Let∇T ∗ ,∇E and
∇F be the Chern connections of T
∗, E and F respectively. For (U, y, e, f) ∈ U ,
∇Tdyi =
∑
θT
∗
ij dyj,∇Eei =
∑
θEijej ,∇Ffi =
∑
θFijfj.
Let ΘT
∗
, ΘE and ΘF be their curvatures.
Chern connection onBm(E, F ). By (3.4), there is a canonical Hermitianmetric h = (−,−)
on Bm(E, F ) induced from hT ∗ , hE and hF . Let ∇˜ = ∇˜
1,0 + ∂¯′ be the Chern connection
associated with h. For (U, y, e, f) ∈ U , ∇˜ satisfies
∇˜y
(l)
i =
∑
θT
∗
ij y
(l)
j , ∇˜e
(l)
i =
∑
θEije
(l)
j , ∇˜f
(l)
i =
∑
θFijf
(l)
j ,(4.1)
∇˜(ab) = (∇˜a)b+ a(∇˜b), for a, b ∈ Ω0,0U (Bm(E, F )).
So its curvature Θ˜ satisfies
Θ˜y
(l)
i =
∑
ΘT
∗
ij y
(l)
j , Θ˜e
(l)
i =
∑
ΘEije
(l)
j , Θ˜f
(l)
i =
∑
ΘFijf
(l)
j ,(4.2)
Θ˜(ab) = (Θ˜a)b+ a(Θ˜b), for a, b ∈ Ω0,0U (Bm(E, F )).
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A canonical isomorphism. Am(E, F ) andBm(E, F ) are different holomorphic vector bun-
dles. But as complex vector bundles, they are isomorphic. Here we construct a canonical
isomorphism from Am(E, F ) to Bm(E, F ).
For (U, y, e, f) ∈ U , let
Hij = (dyi, dyj)T ∗ , H
E
ij = (ei, ej)E , H
F
ij = (fi, fj)F ,
and let (H ij), (H ijE ) and (H
ij
F ) be the inverse matrices of (Hij),H
E
ij ) and (H
F
ij ) respectively.
For k ≥ 0, let
Y
(k+1)
l = HljD
k(Hjiy
(1)
i ), E
(k)
l = H
E
ljD
k(HjiEE
(0)
i ), F
(k)
l = H
F
ljD
k(HjiF F
(0)
i ).(4.3)
Proposition 4.1. There is an isomorphism from Φm : Am(E, F )→ Bm(E, F ) of smooth complex
vector bundles, which locally maps Yl
(k), El
(k) and Fl
(k) to yl
(k), el
(k) and fl
(k) respectively. This
isomorphism maps Am(E, F )[j, k, l] to Bm(E, F )[j, k, l] and preserves the algebra structures.
Proof. For any point x ∈ X , let (Uα, yα, eα, fα) ∈ U with x ∈ Uα. By the definition of Y
(k+1)
l ,
E
(k)
l and F
(k)
l in (4.3),
Y
(k+1)
α,l ≡ y
(k+1)
α,l mod Om,2;
E
(k)
α,l ≡ e
(k)
α,l , F
(k)
α,l ≡ f
(k)
α,l mod Am(E, F )Om,1.
So Rm(Yα, Eα, Fα) are the fibres of Am(E, F ) at x.
Let Φm,x : Am(E, F )|x → Bm(E, F )|x be the isomorphism of C-algebras given by
Φm,x(Y
(k+1)
α,l ) = y
(k+1)
α,l , Φm,x(E
(k)
α,l ) = e
(k)
α,l , Φm,x(F
(k)
α,l ) = f
(k)
α,l .
Y
(k+1)
α,l ,E
(k)
α,l and F
(k)
α,l have the same grades as y
(k+1)
α,l ,e
(k)
α,l and f
(k)
α,l respectively. So Φm,x
preserves the Z3≥0 grading of each fibre.
If (Uβ, yβ, eβ, fβ) ∈ U with x ∈ Uβ , yα,i = fi(yβ), eα,i = gijeβ,j, fα,i = hijfβ,j on Uα ∩
Uβ.
Hβ,ij = (dyβ,i, dyβ,j) =
∂yβ,i
∂yα,k
Hα,kl
∂yβ,j
∂yα,l
.
So
γαβ(Y
(k+1)
α,l ) = Hα,ljD
k(Hjiα γαβ(y
(1)
α,i))(4.4)
= (
∂yα,l
∂yβ,s
Hβ,st
∂yα,j
∂yβ,t
)Dk(
∂yβ,u
∂yα,j
Huvβ
∂yβ,v
∂yα,i
γαβ(y
(1)
α,i))
= (
∂yα,l
∂yβ,s
Hβ,st
∂yα,j
∂yβ,t
∂yβ,u
∂yα,j
)Dk(Huvβ
∂yβ,v
∂yα,i
γαβ(y
(1)
α,i))
=
∂yα,l
∂yβ,s
Hβ,suD
k(Huvβ y
(1)
β,v)
=
∂yα,l
∂yβ,s
Y
(k+1)
β,s .
Similarly,
γαβ(E
(k)
α,l ) = glsE
(k)
β,s, γαβ(F
(k)
α,l ) = hlsF
(k)
β,s .(4.5)
Thus Φm,x ◦ γ
x
αβ = γ˜
x
αβ ◦ Φm,x. Φm,x is independent of the choice of (Uα, yα, eα, fα) ∈ U .
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Φm,x smoothly depends on x, so it gives an isomorphism Φm : Am(E, F )→ Bm(E, F ) of
smooth complex vector bundles. Φm,x preserves the grading, so Φm maps Am(E, F )[j, k, l]
to Bm(E, F )[j, k, l]. Φm,x is an isomorphism of C-algebra, so Φm preserves the algebra
structure. 
Holomorphic structures on Am(E, F ). Through the isomorphism Φm, Bm(E, F ) can be
regarded as the same smooth complex vector bundle as Am(E, F ) with a different holo-
morphic structure. Now the underlying complex vector bundle of Am(E, F ) has a Her-
mitian metric (−,−)m ( from Bm(E, F )) and two holomorphic structures. One is from
Am(E, F ), which is determined by ∂¯ with
∂¯y
(l)
i = 0, ∂¯e
(l)
i = 0, ∂¯f
(l)
i = 0,(4.6)
∂¯ab = ∂¯ab+ a∂¯b, a, b ∈ Ω0,0(Am(E, F )).
The other is induced from Bm(E, F ), which is determined by ∂¯
′ with
∂¯′Y
(l)
i = 0, ∂¯
′E
(l)
i = 0, ∂¯
′F
(l)
i = 0,(4.7)
∂¯′ab = ∂¯′ab+ a∂¯′b, a, b ∈ Ω0,0(Am(E, F )).
Under the fixed Hermitian metric (−,−)m on Am(E, F ), let ∇ = ∇
1,0 + ∂¯ and ∇˜ =
∇˜1,0+ ∂¯′ be the Chern connections associated with ∂¯ and ∂¯′ respectively. By (4.1) and (4.2)
and Proposition 4.1, for (U, y, e, f) ∈ U , ∇˜ satisfies
∇˜Y
(l)
i =
∑
θT
∗
ij Y
(l)
j , ∇˜E
(l)
i =
∑
θEijE
(l)
j , ∇˜F
(l)
i =
∑
θFijF
(l)
j ,(4.8)
∇˜(ab) = (∇˜a)b+ a(∇˜b), for a, b ∈ Ω0,0U (Am(E, F )).
Its curvature Θ˜ satisfies
Θ˜Y
(l)
i =
∑
ΘT
∗
ij Y
(l)
j , Θ˜E
(l)
i =
∑
ΘEijE
(l)
j , Θ˜F
(l)
i =
∑
ΘFijF
(l)
j ,(4.9)
Θ˜(ab) = (Θ˜a)b+ a(Θ˜b), for a, b ∈ Ω0,0U (Am(E, F )).
There is also a derivation D˜ : A∞(E, F ) → A∞(E, F ) induced from D˜ on Bm(E, F )
through Φ∞. By Proposition 4.1, for (U, y, e, f) ∈ U , D˜ satisfies
D˜Y
(j)
i = Y
(j+1)
i , D˜E
(j)
i = E
(j+1)
i , D˜F
(j)
i = F
(j+1)
i .
Lemma 4.2.
D = D˜ + Y
(1)
t ∇˜ ∂
∂yt
.
Proof. D, D˜ and
∑
t Y
(1)
t ∇˜ ∂
∂yt
are globally defined operators. To prove the equation, we
only need to prove it locally. For (U, y, e, f) ∈ U ,
DY
(k+1)
l = D(HljD
k(Hjiy
(1)
i ))
= (DHlj)D
k(Hjiy
(1)
i ) +HljD
k+1(Hjiy
(1)
i )
= Y
(1)
t
∂Hlj
∂yt
HjsHsm(D
k(Hmiy
(1)
i )) + Y
(k+2)
l
= Y
(k+2)
l + Y
(1)
t θ
T ∗
ls (
∂
∂yt
)Y (k+1)s .
= D˜Y k+1l + Y
(1)
t ∇˜ ∂
∂yt
Y k+1l
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Similarly,
DE
(k)
l = D˜E
k
l + Y
(1)
t ∇˜ ∂
∂yt
Ekl
DF
(k)
l = D˜F
k
l + Y
(1)
t ∇˜ ∂
∂yt
F kl
For a smooth function f on U ,
D˜f + Y
(1)
t ∇˜ ∂
∂yt
f = 0 + Y
(1)
t
∂f
∂yt
= Df.
Since both D and D˜ + Y
(1)
t ∇˜ ∂
∂yt
are derivations on Ω0,0U (A∞(E, F )) and Y
(k+1)
l , E
(k)
l , F
(k)
l
and smooth functions on U generate Ω0,0U (A∞(E, F )),D is equal to D˜ + Y
(1)
t ∇˜ ∂
∂yt
. 
We can find the relation between ∂¯ and ∂¯′ by the above lemma and the following fact.
Lemma 4.3.
[D, ∂¯] = 0, [D˜, ∂¯′] = 0
Proof. [D, ∂¯] and [D˜, ∂¯′] are derivations on the sheaf of smooth sections of A∞(E, F ). Lo-
cally, for (U, y, e, f) ∈ U and a smooth function f on U ,
[D, ∂¯]y
(k+1)
l = [D, ∂¯]e
(k)
l = [D, ∂¯]f
(k)
l = [D, ∂¯]f = 0.
[D˜, ∂¯′]Y
(k+1)
l = [D˜, ∂¯
′]E
(k)
l = [D˜, ∂¯
′]F
(k)
l = [D˜, ∂¯
′]f = 0.

LetK = ∂¯ − ∂¯′. For any smooth function f onX ,Kf = ∂¯f − ∂¯′f = 0. By (4.6) and (4.7),
K(ab) = (Ka)b+ a(Kb), for a, b ∈ Ω0,0(Am(E, F )).
So K is determined if we know KY
(k+1)
l , KE
(k)
l and KF
(k)
l . Using the following lemma,
we can calculate them out.
Lemma 4.4.
[K, D˜] = Y
(1)
t [∇˜ ∂
∂yt
, ∂¯] = −Y
(1)
t Θ˜(
∂
∂yt
) + Y
(1)
t [∇˜ ∂
∂yt
, K].
Proof. ∂¯Yl
(1) = ∂¯y
(1)
l = 0.
[K, D˜] = [∂¯ − ∂¯′, D˜]
= [∂¯, D˜] (by Lemma 4.3)
= [∂¯, D − Y
(1)
t ∇˜ ∂
∂yt
] (by Lemma 4.2)
= Y
(1)
t [∇˜ ∂
∂yt
, ∂¯] (by Lemma 4.3)
= Y
(1)
t [∇˜ ∂
∂yt
, ∂¯′ +K]
= −Y
(1)
t Θ˜(
∂
∂yt
) + Y
(1)
t [∇˜ ∂
∂yt
, K].

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Let Cj1,··· ,ja = −
1
(a−1)!
(j1+···+ja)!
j1!j2!···ja!
, if j1 ≥ 0 and jl ≥ 1 for l ≥ 2, otherwise Cj1,··· ,ja = 0.
Lemma 4.5. For k ≥ 0, If P
(k)
l is Y
(k+1)
l , E
(k)
l or F
(k)
l , and F is F
T ∗ , FE or F F respectively, then
KP
(k)
l =
k∑
a=2
∑
j1+···+ja=k
Cj1,··· ,jaF
l
i1,··· ,iaP
(j1)
i1
Y
(j1)
i2
· · ·Y
(ja)
ia .
Proof. Here gives the proof for P
(k)
l = Y
(k+1)
l . The proofs are similar for P
(k)
l = E
(k)
l and
P
(k)
l = F
(k)
l .
We prove it by induction on k. When n = 0, Yl
(1) = y
(1)
l . So ∂¯Y
(1)
l = ∂¯y
(1)
l = 0. Since
∂¯′Y
(1)
l = 0, KY
(1)
l = 0. the lemma is true. Assume the lemma is true for n = k. If n = k+1,
by Lemma 4.4,
KY
(k+2)
l = KD˜Y
(k+1)
l
= D˜KY
(k+1)
l − Y
(1)
t Θ˜(
∂
∂yt
)Y
(k+1)
l + Y
(1)
t [∇˜ ∂
∂yt
, K]Y
(k+1)
l (By Lemma4.4)
= D˜(
k∑
a=2
∑
j1+···+ja=k
Cj1,··· ,jaF
l
i1,··· ,ia
Y
(j1+1)
i1
Y
(j1)
i2
· · ·Y
(ja)
ia )
−Y
(1)
t Θ
T ∗
ls (
∂
∂yt
)Y (k+1)s
+Y
(1)
t
k∑
a=2
∑
j1+···+ja=k
Cj1,··· ,ja(∇
T ∗
∂
∂yt
Fa)
l
i1,··· ,ia
Y
(j1+1)
i1
Y
(j1)
i2
· · ·Y
(ja)
ia
=
k∑
a=2
∑
j1+···+ja=k+1
(
a∑
l=1
Cj1,··· ,jl−1,··· ,ja)F
l
i1,··· ,ia
Y
(j1+1)
i1
Y
(j1)
i2
· · ·Y
(ja)
ia
−F 2i1,i2Y
(k+1)
i1
Y
(1)
i2
+
k∑
a=2
∑
j1+···+ja=k
a
k + 1
Cj1,··· ,ja,1F
l
i1,··· ,ia,ia+1
Y
(j1+1)
i1
Y
(j1)
i2
· · ·Y
(ja)
ia
Y
(1)
ia+1
=
k+1∑
a=2
∑
j1+···+ja=k+1
Cj1,··· ,jaF
l
i1,··· ,iaY
(j1+1)
i1
Y
(j1)
i2
· · ·Y
(ja)
ia .
So the lemma is true for n = k + 1. Thus the lemma is true for any k ≥ 0. 
By Lemma 4.5, we immediately have
Lemma 4.6. For k ≥ 0, If P
(k)
l is Y
(k+1)
l , E
(k)
l or F
(k)
l , and F is F
T ∗ , FE or F F respectively, then
[∇˜1,0, K]P
(k)
l =
k∑
a=2
∑
j1+···+ja=k
Cj1,··· ,jadyia+1 ∧ F
l
i1,··· ,ia,ia+1P
(j1)
i1
Y
(j1)
i2
· · ·Y
(ja)
ia .
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The mean curvature of Am(E, F ). By Lemma 2.4, the connections on Am(E, F ) satisfy
∇ = ∇˜+K −K∗.
So their curvatures satisfy
Θ = [∂¯,∇] = [∂¯′ +K, ∇˜1,0 −K∗] = Θ˜ + [K, ∇˜1,0]− [∂¯′, K∗]− [K,K∗].(4.10)
Now ∇˜1,0 and K are derivations on the sheaf of smooth sections of Am(E, F ), so [∇˜
1,0, K]
is a derivation on the sheaf of smooth sections of Am(E, F ).
Lemma 4.7. If hT ∗ , hE and hF are Einstein-Hermitian metrics then
[∇˜1,0, K](
∂
∂yi
,
∂
∂y¯j
)Hij = 0.
Proof. ∇˜1,0 andK are derivations on the sheaf of smooth sections of Am(E, F ), so [∇˜
1,0, K]
and [∇˜1,0, K]( ∂
∂yi
, ∂
∂y¯j
)Hij are derivations on the sheaf of smooth sections of Am(E, F ).
From Lemma 4.6, if P
(k)
l is Y
(k+1)
l , E
(k)
l or F
(k)
l , and F is F
T ∗ , FE or F F respectively,
[∇˜1,0, K]P
(k)
l (
∂
∂yi
,
∂
∂y¯j
)Hij =
k∑
a=2
∑
j1+···+ja=k
Cj1,··· ,jaF
l
i1,··· ,ia,i
(
∂
∂y¯j
)HijP
(j1)
i1
Y
(j1)
i2
· · ·Y
(ja)
ia
.
By Lemma 2.2, if hT ∗ , hE and hF are Einstein-Hermitian metrics, then for n ≥ 3,M
T ∗
n ,M
E
n
andMFn all vanish. So
F li1,··· ,ia,i(
∂
∂y¯j
)Hij = 0.
Thus [∇˜1,0, K]P
(k)
l (
∂
∂yi
, ∂
∂y¯j
)Hij = 0. For any smooth function f on X ,
[∇˜1,0, K]f = ∇˜1,0Kf +K∇˜1,0f = K∂f = 0.
Since [∇˜1,0, K]( ∂
∂yi
, ∂
∂y¯j
)Hij is a derivation on the sheaf of smooth sections of Am(E, F ), it
is zero. 
Wehave the following theorem for themean curvature of the connection∇ onAm(E, F ).
Theorem 4.8. If hT ∗ , hE and hF are Einstein-Hermitian metrics then the mean curvature of∇ is
Θ(
∂
∂yi
,
∂
∂y¯j
)Hij = Θ˜(
∂
∂yi
,
∂
∂y¯j
Hij +K(
∂
∂y¯j
)K∗(
∂
∂yi
)Hij −K
∗(
∂
∂yi
)K(
∂
∂y¯j
)Hij .
In particular, if the mean curvatures of hT ∗ , hE and hF are zero,
Θ(
∂
∂yi
,
∂
∂y¯j
)Hij = K(
∂
∂y¯j
)K∗(
∂
∂yi
)Hij −K
∗(
∂
∂yi
)K(
∂
∂y¯j
)Hij.
Proof. By Lemma 4.7, [K, ∇˜1,0]( ∂
∂yi
, ∂
∂y¯j
)Hij = 0, −[∂¯
′, K∗]( ∂
∂yi
, ∂
∂y¯j
)Hij also vanishes since
it is the conjugacy of [K, ∇˜1,0]( ∂
∂yi
, ∂
∂y¯j
)Hij . This proves the first equation by (4.10). By
(4.9), Θ˜( ∂
∂yi
, ∂
∂y¯j
)Hij vanishes if the mean curvatures of hT ∗ , hE and hF vanish. The second
equation follows. 
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5. HOLOMORPHIC SECTIONS
In this section, we assume X is a compact Hermitian manifold. We calculate the space
of holomorphic sections of Am(E, F ) if the mean curvatures of hT ∗ , hE and hF are zero.
Lemma 5.1. Let E be a holomorphic vector bundle with a Hermitian metric h = (−,−) and its
Chern connection is ∇ = ∇1,0 + ∂¯. Assume E has another holomorphic holomorphic structure
determined by ∂¯′ = ∂¯ − K with its Chern connection ∇˜ = ∇˜1,0 + ∂¯′, such that under this
holomorphic structure,
(1) E =
⊕
k∈ZE
k, Ek are holomorphic vector bundles;
(2) Ek is perpendicular to El for k 6= l;
(3) the mean curvature of ∇˜ is zero.
(4) K maps Ω0,0(El) to Ω
0,1(⊕∞k=l+1Ek).
(5) [∇˜1,0, K]( ∂
∂yi
, ∂
∂y¯j
)Hij = 0.
Then a ∈ Ω0,0X (E) is holomorphic if and only if ∇˜a = 0 and Ka = 0.
Proof. By condition (1), any smooth section a of E can be uniquely written as a finite sum
of smooth sections ak of E
k, that is a =
∑
k ak where only a finite number of ak not zero.
By condition (2), any smooth sections a and b of E, (a, b) =
∑
k(ak, bk). For any λ ≥ 0, let
hλ = (−,−)λ be the Hermitian metric of E given by
(a, b)λ =
∑
k
λk(ak, bk).
Under this Hermitian metric, Let ∇λ and ∇˜λ are the Chern connections corresponding to
∂¯ and ∂¯′ respectively. Since on Ek, hλ is a rescale of h, ∇˜λ = ∇˜.
Let Kk,l ∈ Ω
0,1(Hom(E,E)) with Kk,la = (Kak)l. By condition (4), K =
∑
k<lKk,l. Let
K∗k,l ∈ Ω
1,0(Hom(E,E)) be the dual ofKk,l, so
(Kk,l(
∂
∂y¯i
)a, b)λ = λl(Kk,l(
∂
∂y¯i
)ak, bl) = λ
l(ak, K
∗
k,l(
∂
∂yi
)bl) = λ
l−k(a,K∗k,l(
∂
∂yi
)b)λ.
Let
K∗λ =
∑
k<l
λl−kK∗k,l,
we have (K( ∂
∂y¯i
)a, b)λ = (a,K∗λ(
∂
∂yi
)b)λ. By Lemma 2.4,∇λ = ∇˜+K −K∗λ, so its curvature
is
Θλ = [∂¯,∇] = [∂¯′ +K, ∇˜1,0 −K∗λ] = [∂¯
′, ∇˜] + [K, ∇˜1,0]− [∂¯′, K∗λ]− [K,K
∗
λ].
By conditions (3) and (5) and the proof of Theorem 4.8, the mean curvature of ∇λ is
M = Θλ(
∂
∂yi
,
∂
∂y¯j
)Hij = K(
∂
∂y¯j
)K∗λ(
∂
∂yi
)Hij −K
∗
λ(
∂
∂yi
)K(
∂
∂y¯j
)Hij.
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Apply the Weitzenbo¨ck formula 2.1 to a smooth section a ∈ Ω0,0X (E). We have∫
X
(∆∂¯a
λ, a)λ =
∫
X
(∇λ∗∇λa−Ma, a)λ
=
∫
X
(∇λa,∇λa)λ − (K∗λa,K
∗
λa)
λ + (Ka,Ka)λ
=
∫
X
(∇λ1,0a,∇λ1,0a)λ + (∂¯a, ∂¯a)λ − (K∗λa,K
∗
λa)
λ + (Ka,Ka)λ.
Now ∫
X
(∂¯a, ∂¯a)λ ≥ 0,
∫
X
(Ka,Ka)λ ≥ 0.(5.1)
Let
P (λ) =
∫
X
(∇λ1,0a,∇λ1,0a)λ − (K∗λa,K
∗
λa)
λ.
Assume ak = 0 for k < l or k > m, al 6= 0 and am 6= 0.
(∇λ1,0a,∇λ1,0a)λ − (K∗λa,K
∗
λa)
λ
= ((∇˜1,0 −K∗λ)a, (∇˜
1,0 −K∗λ)a)
λ − (K∗λa,K
∗
λa)
λ
= (∇˜1,0a, ∇˜1,0a)λ − (∇˜1,0a,K∗λa)
λ − (K∗λa, ∇˜
1,0a)λ.
=
m∑
k=l
λl(∇˜1,0al, ∇˜
1,0al)−
∑
m≥k′>k≥l
λk
′
(∇˜1,0ak, K
∗
k,k′ak′)−
∑
m≥k′>k≥l
(K∗k,k′ak′, ∇˜
1,0ak).
λ−lP (λ) is a polynomial of λwith constant term∫
X
(∇˜1,0al, ∇˜
1,0al) ≥ 0.
If a is a holomorphic section, we have
∫
X
(∆λ
∂¯
a, a)λ = 0 for any λ > 0. By (5.1), P (λ) ≤ 0.
We must have ∫
X
(∇˜1,0al, ∇˜
1,0al) = 0.
So
∇˜1,0al = 0.
K∗λal ∈ Ω
1,0
X (
⊕
k<lE
k), which is perpendicular to ∇˜1,0ak, k ≥ l. Thus
P (λ) =
∫
X
(
m∑
k=l+1
λl(∇˜1,0al, ∇˜
1,0al)−
∑
m≥k′>k≥l+1
λk
′
(∇˜1,0ak, K
∗
k,k′ak′)−
∑
m≥k′>k≥l+1
(K∗k,k′ak′ , ∇˜
1,0ak)).
Induction on l, we can show that ∇˜1,0a = 0 and P (λ) = 0.
Thus to keep
∫
X
(∆∂¯a, a)
λ = 0, the left side of the inequation (5.1) is zero. So
Ka = 0, and ∂¯a = 0.
∂¯′a = ∂¯a−Ka = 0 and ∇˜a = ∇˜1,0a+ ∂¯′a = 0.
On the other hand, If ∇˜a = 0 andKa = 0. Since the mean curvature of ∇˜ is zero, by the
Weitzenbo¨ck formula (2.1), ∂¯′a = 0. So ∂¯a = ∂¯′a +Ka = 0. a is a holomorphic section of
E. 
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Let
En = Φ−1m (
⊕
j+k+l=n
Symj(⊕1≤l≤mT
∗)⊗ Symk(⊕0≤l≤mE
∗)⊗ ∧l(⊕0≤l≤mF
∗)).(5.2)
Am(E, F ) = ⊕
∞
k=0E
k. Let A∗m(E, F )[i, j, k] be the dual vector bundle of A
∗
m(E, F )[i, j, k].
Let
A∗m(E, F ) = ⊕i,j,kA
∗
m(E, F )[i, j, k].
We have the following theorem:
Theorem 5.2. If X is a compact Hermitian manifold and the mean curvatures of hT ∗ , hE and hF
are zero, then a smooth section a of Am(E, F ) is holomorphic if and only if ∇˜a = 0 and Ka = 0.
A smooth section a of Am(E, F )
∗ is holomorphic if and only if ∇˜a = 0 and K∨a = 0.
Proof. We use Lemma 5.1 to prove the theorem. Am(E, F ) is a holomorphic bundle with
the Hermitian metric h and its Chern connection is ∇. Am(E, F ) has another holomor-
phic structure coming from Bm(E, F ) by Φm. Its Chern connection is ∇˜. E
k are holo-
morphic under the holomorphic structure from Bm(E, F ). E
k is perpendicular to El if
k 6= l. Am(E, F ) = ⊕
∞
k=0E
k. Let E−k = Ek∗, then A∗m(E, F ) = ⊕
0
−∞E
k. So Am(E, F ) and
A∗m(E, F ) satisfies condition (1) and (2). Since the mean curvature of hT∗, hE and hF van-
ish, by (4.9), A∗m(E, F ) satisfies condition (3). By Lemma 4.5 and Lemma 4.7, A
∗
m(E, F )
satisfies conditions (4) and (5). Since E−k is the dual of Ek, it is easy to see that A∗m(E, F )
satisfies conditions (3), (4) and (5). So by Lemma 5.1, the theorem is true.

When the Hermitian metric of E, F and T ∗ are flat, then K = 0 and a smooth section b
of Am(E, F )
∗ is holomorphic if and only if ∇˜a = 0. In particular
Corollary 5.3. If X is a flat Ka¨hler torus, E and F are sums of some copies of tangent and cotan-
gent bundles ofX , then A smooth section a of Am(E, F ) is holomorphic if and only if ∇˜a = 0. So
the space of holomorphic sections of Am(E, F ) is isomorphic to its fibre by restriction.
g[t] invariants. Let g be a Lie algebra. Let
g[t] =
⊕
n≥0
gtn
be the Lie algebra given by
[git
i, gjt
j ] = [gi, gj]t
i+j , for gi, gj ∈ g.
Let gm = g[t]/(t
m+1). The following lemma is obvious.
Lemma 5.4. if g is simple, then gm is generated by g and an element K of gt. So if R is a
representation of gm, then the invariant subspace of R is
Rgm = {r ∈ Rg|Kr = 0}.
If g is the Lie algebra of a connected algebraic group G, then gm is the Lie algebra of the
Lie group Jm(G). R
gm = RJm(G).
Let g = sl(N,C) (or sp(2N,C)), V = CN (or C2N ) be the fundamental representation of
g. By the Weyl’s dimension formula for the finite irreducible representation of g, we have
the following lemma about the representation of g = sl(N,C) (or sp(2N,C)):
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Lemma 5.5. Let V be the fundamental representation of g. Regarding g as a subspace of V ∗ ⊗ V ,
V ∗ ⊗ g
⋂
Sym2 V ∗ ⊗ V is an irreducible representation of g.
Now we assume X is an N (or 2N) dimensional compact Ka¨hler manifold with the
holonomy group G = SU(N) (or G = Sp(N)). Then the mean curvature of hT ∗ is zero.
Let E and F be sums of some copies of the holomorphic tangent and cotangent bundles
ofX . Then the mean curvatures of hE and hF are zeros. The holonomy group ofAm(E, F )
for ∇˜ is G. By Theorem 5.2, a is a holomorphic section of Am(E, F ) if and only if ∇˜a = 0
and Ka = 0. ∇˜a = 0means that a is a parallel section of ∇˜ in Am(E, F ). The space of the
parallel sections of ∇˜ in Am(E, F ) is isomorphic to (Am(E, F )|x)
G, for any point x ∈ X .
The isomorphism is given by the restriction. So the restriction
rx : Γ(Am(E, F ))→ (Am(E, F )|x)
G
is injective. Let R = Am(E, F )|x be the fibre of Am(E, F ) at x. Let g be the Lie algebra
sl(N,C)) (or sp(2N,C ). The action of G on R induces the action of g on R, then we have
the action of gm on R given by
gtk(ab) = (gtka)b+ a(gtkb), for a, b ∈ R
and if P
(j)
i is Y
(j+1)
i ,E
(j)
i or F
(j)
i ,
gtk(P
(j)
i ) = 0, for j < k
gtk(P
(j)
i ) =
j!
(j − k)!
g(P
(j−k)
i ), for j ≥ k.
We have the following theorem on the holomorphic sections of Am(E, F ).
Theorem 5.6. Let X be an N (or 2N) dimensional compact Ka¨hler manifold with holonomy
group G = SU(N) (or G = Sp(N)). Let E and F be sums of some copies of the holomorphic
tangent and cotangent bundles of X . Then the image of rx : Γ(Am(E, F )) → (Am(E, F )|x)
G is
(Am(E, F )|x)
gm . So rx induces an isomorphism from Γ(Am(E, F )) to (Am(E, F )|x)
gm .
Proof. If a is a parallel section of ∇˜ with rx(a) ∈ (Am(E, F )|x)
gm for a point x ∈ X . For
any point x′ ∈ X , let’s prove that rx′(a) ∈ (Am(E, F )|x′)
gm . Let γ be a path from x to
x′. Through the parallel transformation along the path γ under the connection ∇˜, we get
an isomorphism of G representation from Am(E, F )|x to Am(E, F )|x′. From the definition
of the action gm, we actually get an isomorphism of gm representation. Now since a is a
parallel section, the isomorphism maps a|x to a|x′ . Thus a|x is gm invariant if and only if
a|x′ is gm invariant.
The holonomy group of Am(E, F ) for ∇˜ is G. Through the action of G on Am(E, F )|x,
we can regard g as a subspace of End(Am(E, F )|x, (Am(E, F )|x). We have Θ˜(
∂
∂yi
, ∂
∂y¯j
)|x ∈ g.
Let F˜n = F
Am(E,F )
n be the higher covariant derivative of Θ˜. Then
gi2···ia,j = F˜n(
∂
∂yi2
, · · · ,
∂
∂yin
,
∂
∂y¯j
)|x ∈ g.
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By the expression of K in Lemma 4.5,
K(
∂
∂y¯j
)P
(k)
l |x =
k∑
a=2
∑
j1+···+ja=k
Cj1,··· ,ja(F˜n(
∂
∂yi2
, · · · ,
∂
∂yia
,
∂
∂y¯j
)|xP
(k−j1)
l )Y
(j2)
i2
· · ·Y
(ja)
ia
=
k∑
a=2
∑
j1+···+ja=k
1
(a− 1)!j2! · · · ja!
(gi2···ia,jt
k−j1P
(k)
l )Y
(j2)
i2
· · ·Y
(ja)
ia
So
K(
∂
∂y¯i
)|x =
k∑
a=2
∑
j1+···+ja=k
1
(a− 1)!j2! · · · ja!
Y
(j2)
i2
· · ·Y
(ja)
ia gi2···ia,jt
k−j1.(5.3)
Since a|x is gm invariant for any x ∈ X , soK(a) = 0. By Theorem 5.2, a ∈ Γ(Am(E, F )).
On the other hand, if a ∈ Γ(Am(E, F )), a =
∑n
k=l ak with ak ∈ Ω
0,0(Ek). Let
K˜i =
∑
j2≥1
Y
(j2)
i2
j2!
Θ˜(
∂
∂yi2
,
∂
∂y¯i
)tj2 .
Then
K(
∂
∂y¯i
)a|x = K˜ial|x + b, b ∈ ⊕k>lE
k|x.
So Ka = 0 implies K˜ial|x = 0.
Since ∇˜ preserves Ek, the action of the holomomy group G on the fibre of Am(E, F )
preserves the grading. So al|x ∈ (E
l|x)
G . Since the holonomy group of X is G, the
curvature R of T is not equals to zero. There is some point x ∈ X , and some i0,R(
∂
∂y¯i0
)|p 6=
0.
The action of g onKi0 forms a representationW of g. Every element ofW is a derivation
of Ω0,0(Em) and it vanishes on al|p .
Now for any g ∈ g.
[g, K˜i0] =
∑
j2≥1
(
(g
Y
(j2)
i2
j2!
)(Θ˜(
∂
∂y¯i0
,
∂
∂yi2
)tj2) +
Y
(j2)
i2
j2!
([g, Θ˜(
∂
∂y¯i0
,
∂
∂yi2
)]tj2)
)
=
∑
j2≥1
(
−
Y
(j2)
i2
j2!
(Θ˜(
∂
∂y¯i0
, g
∂
∂yi2
)tj2) +
Y
(j2)
i2
j2!
([g, Θ˜(
∂
∂y¯i0
,
∂
∂yi2
)]tj2)
Thus the action of g on Ki0 is the same as the action of g on Θ˜(
∂
∂y¯i0
). Since E and F are
direct sums of copies of holomorphic tangent and cotangent bundles. By (4.9), the action
of g on Θ˜( ∂
∂y¯i0
) is the same as its action on R( ∂
∂y¯i0
) ∈ Sym2 T ∗x ⊗Tx
⋂
T ∗x ⊗g. By Lemma 5.5,
Sym2 T ∗x ⊗ Tx
⋂
T ∗x ⊗ g is an irreducible representation of g. So
W ∼= Sym2 T ∗x ⊗ Tx
⋂
T ∗x ⊗ g.
Let g1, g2 ∈ g, which are determined by
g1(
∂
∂yi
) = δ1i
∂
∂ys
, g2(
∂
∂yi
) = δ1i
∂
∂y1
− δsi
∂
∂ys
.
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here s = 2 if g = sl(N,C) and s = N + 1 if g = sp(2N,C). We have [g2, g1] = −2g1. Then
the two derivations
K1 =
∑
j≥1
Y
(j)
1
j!
g1t
j , K2 = −
∑
j≥1
Y
(j)
s
j!
g1t
j +
∑
j≥1
Y
(j)
1
j!
g2t
j
are in W . We have K1al|x = 0 and K2al|x = 0. By Lemma 5.7, al|x is gm invariant. Then
we have Kal = 0 . Now K(a− al) = 0. By induction on l, we can show ax is gm invariant.
This proves the theorem.

Lemma 5.7. if a ∈ Am(E, F )|x is g invariant and K1a = 0, K2a = 0, then a is gm invariant.
Proof. Let Pn be a derivation on Am(E, F )|x defined inductively by
P1 = K1, Pn = [Pn−1, K2].
We have Pna = 0. Now
[
Y
(j)
1
j!
, K2] =
1
j
j−1∑
s=1
Y
(j−s)
1
(j − s− 1)!)
Y
(s)
1
s!
,
[g1t
j , K2] = 2
j−1∑
s=1
Y
(s)
1
s!
g1t
j+s.
By the above two equations, we can show inductively that
Pn =
∑
ji≥1
cj1,··· ,jaY
(j1)
1 · · ·Y
(jn)
1 g1t
j1+···+jn
with cj1,··· ,jn > 0. a has finite weight, when k large enough gt
ka = 0 for any g ∈ g. Let L
be the largest number such that a is not gtLa invariant. if L ≥ 1,
PLa = c1,··· ,1(Y
(1)
1 )
Lg1t
La.
So g1t
La = 0. Since a is g invariant and gtL is an irreducible representation of g, a is gtL
invariant. But we assume that a is not gtL invariant. So L ≤ 0. we conclude that a is gm
invariant. 
Now we can prove Theorem 1.1.
Proof of theorem 1.1. Let g = sl(N,C). TJm(X) is isomorphic to Jm(TX). The sheaf of
sections of Am(T, 0)[1, 0] over X is the sheaf of the push forward of the sheaf of sections
of Jm(TX) through pim : Jm(X) → X . Thus the space of holomorphic vector fields of
Jm(X) is isomorphic to Γ(Am(T, 0)[1, 0]). By Theorem 5.6, Γ(Am(T, 0)) is isomorphic to
(Am(T, 0)|x)
gm .
Am(T, 0)|x ∼= R(y, y
∗, 0) = C[y
(1)
1 , · · · , y
(j)
i , · · · , y
(m)
N , y
∗(0)
1 , · · · , y
∗(j)
i , · · · , y
∗(m)
N ],
So Γ(Am(T, 0)[1, 0]) is isomorphic to the subspace of (Am(T, 0)|x)
gm with the degree of y∗ is
one. By Theorem 4.3 of [5], (Am(T, 0)|x)
gm is generated by C[y
(1)
1 , · · · , y
(1)
N , y
∗(0)
1 , · · · , y
∗(0)
N ]
g,
which is generated by v =
∑
y
(1)
i y
∗(0)
i . So
Γ(Am(T, 0)[1, 0]) ∼=
m−1⊕
k=0
CD˜kv,
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has dimensionm. 
Theorem 5.6 can be genelezed to the case when X is a compact Ricci-flat Ka¨hler mani-
fold.
Theorem 5.8. Let X be compact Ricci-flat Ka¨hler manifold with holonomy group G. Let g be
the complexified Lie algebra of G. Let E and F be sums of some copies of the holomorphic tan-
gent and cotangent bundles of X . Then the image of rx : Γ(Am(E, F )) → (Am(E, F )|x)
G is
((Am(E, F )|x)
gm)G. So rx induces an isomorphism from Γ(Am(E, F )) to ((Am(E, F )|x)
gm)G.
Proof. It is well known that if X is a compact Ricci-flat Ka¨hler manifold, then it admits a
finite cover p : X˜ → X ,
X˜ = T ×X1 × · · · ×Xk,
where T is a flat Ka¨hler torus, andXi has holonomy group SU(mi) or Sp(
mi
2
)with dimXi =
mi. (See for example page 124 of [2].) If E and F are sums of some copies of the holo-
morphic tangent and cotangent bundles of X , then the pullback p∗E and p∗F are sums of
some copies of the holomorphic tangent and cotangent bundles of X˜. We have
p∗Am(E, F ) = Am(p
∗E, p∗F ).
By Theorem 5.6, Corollary 5.3 and the fact that holonomoy group of T is trivial, rx˜ induces
an isomorphism from Γ(Am(p
∗E, p∗F )) to (Am(p
∗E, p∗F )|x˜)
gm .
The pullback gives an imbedding p∗ : Γ(X,A(E, F )) → Γ(X˜, A(p∗E, p∗F ). By The-
orem 5.2, any element a˜ ∈ Γ(X˜, A(p∗E, p∗F ) satisfies ∇˜a = 0. So a˜ = p∗a for some
smooth section a of A(E, F ) if and only if a|x˜ is G invariant. Since a˜ is holomorphic,
a must be holomorphic. Thus rx˜ ◦ p
∗ induces an isomorphism from Γ(X,A(E, F )) to
((Am(p
∗E, p∗F )|x˜)
gm)G, which means rx induces an isomorphism from Γ(Am(E, F )) to
((Am(E, F )|x)
gm)G. 
G has a connected component G0 which contain the identity. G0 is a normal subgroup
of G and it acts trivially on (Am(E, F )|x)
gm . So ((Am(E, F )|x)
gm)G = ((Am(E, F )|x)
gm)G/G0
6. THE GLOBAL SECTIONS OF CHIRAL DE RHAM COMPLEX ON K3 SURFACES
Chiral de Rham complex. The chiral de Rham complex [7, 8] is a sheaf of vertex alge-
bras ΩchX defined on any smooth manifold X in either the algebraic, complex analytic, or
C∞ categories. In this paper we work exclusively in the complex analytic setting. Let
ΩN be the tensor product of N copies of the βγ − bc system. It has 2N even generators
β1(z), · · · , βN(z), γ1(z), · · · , γN(z) and 2N odd generators b1(z), · · · , bN (z), c1(z), · · · , cN(z).
Their nontrivial OPEs are
βi(z)γj(w) ∼
δij
z − w
, bi(z)cj(w) ∼
δij
z − w
.
Given a coordinate system (U, γ1, · · · γN) ofX ,C[γ1, · · · γN ] ⊂ O(U) can be regarded as a
subspace of ΩN by identifying γ
i with γi(z) ∈ ΩN . As a linear space, ΩN has a C[γ
1, · · · γN ]
module structure. ΩchX (U) is the localization of ΩN on U ,
ΩchX (U) = ΩN ⊗C[γ1,···γN ] O(U).
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ThenΩchX (U) is the vertex algebra generated by β
i(z), bi(z), ci(z) and f(z), f ∈ O(U). These
generators satisfy the nontrivial OPEs
βi(z)f(w) ∼
∂f
∂γi
(z)
z − w
, bi(z)cj(w) ∼
δij
z − w
,
as well as the normally ordered relations
: f(z)g(z) : = fg(z), for f, g ∈ O(U).
ΩchX (U) is spanned by the elements
(6.1)
: ∂k1βi1(z) · · ·∂ksβis(z)∂l1bj1(z) · · ·∂ltbjt∂m1cr1(z) · · · ∂n1γs1(z) · · · f(γ)(z) :, f(γ) ∈ O(U).
Let γ˜1, · · · γ˜N be another set of coordinates on U , with
γ˜i = f i(γ1, · · · γN), γi = gi(γ˜1, · · · γ˜N).
The coordinate transformation equations for the generators are
∂γ˜i(z) =:
∂f i
∂γj
(z)∂γj(z) : ,
b˜i(z) =:
∂gi
∂γ˜j
(g(γ))bj : ,
c˜i(z) =:
∂f i
∂γj
(z)cj(z) : ,(6.2)
β˜i(z) =:
∂gi
∂γ˜j
(g(γ))(z)βj(z) : + ::
∂
∂γ
(
∂gi
∂γ˜j
(g(γ)))(z)ck(z) : bj(z) : .
From [9], ΩchX has an increasing filtration Qn, n ∈ Z≥0 and its associated graded sheaf is
gr(Q) =
⊕
n
Qn/Qn−1.
Locally, Qn(U) is spanned by the elements with only at most n copies of β and b , i.e. the
elements in equation (6.1) with s+ t ≤ n.
Then the associated graded object
(grQ)(U) =
⊕
n
Qn(U)/Qn−1(U)
is a ∂-ring. AZ≥0 graded, associative, super-commutative algebra equippedwith a deriva-
tion ∂ of degree zero is called ∂-ring. On (grQ)(U), the product and the derivation ∂ are
induced from the wick product and ∂ from ΩchX (U), respectively.
For each n ≥ 0, let
φn : Qn(U)→ Qn(U)/Qn−1(U).
be the projection. As a ring with a derivation, gr(Q(U)) is generated by
βi = φ1(β
i(z)), bi = φ1(b
i(z)), ci = φ0(c
i(z)), φ0(f(z)), f ∈ O(U).
Qn(U)/Qn−1(U) is spanned by
(6.3) a = ∂k1βi1 · · · ∂ksβis∂ks+1bis+1 · · · ∂knbin∂m1cr1 · · · ∂n1γs1 · · · ∂ntγstf(γ), f(γ) ∈ O(U).
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For the sheaf gr(Q), the coordinate transformation equations of β, γ, b, c are
∂nγ˜i = ∂n−1(
∂f i
∂γj
∂γj),
∂nb˜i = ∂n(
∂gi
∂γ˜j
(g(γ))bj),
∂nc˜i = ∂n(
∂f i
∂γj
cj),(6.4)
∂nβ˜i = ∂n(
∂gi
∂γ˜j
(g(γ))βj) + ∂n(
∂
∂γ
(
∂gi
∂γ˜j
(g(γ)))ckbj).
The only difference between these equations and those of the chiral de Rham sheaf is that
the Wick product is replaced by the ordinary product in an associated super commutative
algebra.
gr(Q) has an increasing filtration gr(Q)n,s, 0 ≤ s ≤ n and its associated graded sheaf is
gr2(Q) =
⊕
n,s
gr(Q)n,s/gr(Q)n,s−1.
Locally, gr(Q)n,s(U) is spanned by all elements a ∈ Qn(U)/Qn−1(U) of the form (6.3)
with the number of β less or equal than s.
The associated graded object
gr2(Q)(U) =
⊕
n,s
gr(Q)n,s(U)/gr(Q)n,s−1(U)
is a ∂-ring. The product and the derivation ∂ are induced from the product and derivation
of gr(Q)(U).
Let
ψn,s : gr(Q)n,s(U)→ gr(Q)n,s(U)/gr(Q)n,s−1(U)
be the projection as a ring with a derivation,gr2(Q(U)) is generated by
ψ1,1(β
i), ψ1,0(b
i), ψ0,0(c
i) and ψ0,0(f(γ)), f(γ) ∈ O(U).
When no confusion arise, the symbols βi, γi, bi, ci in gr(Q)(U) will also be used to denote
the corresponding elements ψ1,1(β
i), ψ0,0(γ
i), ψ1,0(b
i), ψ0,0(c
i) in gr2(Q)(U).
For the sheaf gr2(Q), the relations of β, γ, b, c under the coordinate transformation are
∂nγ˜i = ∂n−1(
∂f i
∂γj
∂γj),
∂nb˜i = ∂n(
∂gi
∂γ˜j
(g(γ))bj),
∂nc˜i = ∂n(
∂f i
∂γj
cj),(6.5)
∂nβ˜i = ∂n(
∂gi
∂γ˜j
(g(γ))βj).
By these coordinate transformation equations, we have
Proposition 6.1. gr2(Q) is exactly the sheaf A∞(T, T ⊕ T
∗).
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From [9], we have the following reconstruction properties for the holomorphic sections
of ΩchX .
Lemma 6.2. If ai ∈ Qni(X), for 1 ≤ i ≤ l, such that φni(ai) generate gr(Q)(X) as a ∂-ring,
then φn is surjective, and it therefore induces an isomorphism
Qn(M)/Qn−1(X)∼=Qn/Qn−1(X).
Furthermore, {ai| 1 ≤ i ≤ l} strongly generates the vertex algebra Ω
ch
X (M).
Lemma 6.3. If ai ∈ gr(Q)ni,si for 1 ≤ i ≤ l, such that ψni,si(ai) generate gr(Q)(X) as a ∂-ring,
then ψn,s is surjective, and it induces an isomorphism
gr(Q)n,s(X)/gr(Q)n,s−1(X)∼=gr(Q)n,s/gr(Q)n,s−1(X).
Furthermore, {ai| 1 ≤ i ≤ l} generate gr(Q)(X) as a ∂-ring.
Holomorphic sections of the chiral de Rham complex. If X is a Calabi-Yau manifold,
thenΩchX (X) is a topological vertex algebra. There are four global sectionsQ(z), L(z), J(z), G(z).
Locally, they can be represented by
Q(z) =
N∑
i=1
: βi(z)ci(z) :, L(z) =
N∑
i=1
(: βi(z)∂γi(z) : − : bi(z)∂ci(z) :),
J(z) = −
N∑
i=1
: bi(z)ci(z) :, G(z) =
N∑
i=1
: bi(z)∂γi(z) :,
If ω is a nowhere vanishing holomorphic N form of X , there are two global sections
D(z) and E(Z) of ΩchX can be constructed. Locally, if (U, γ) are coordinate of U such that
ω = dγ1 ∧ · · · ∧ dγN , D(z) and E(Z) can be represented by
D(z) =: b1(z)b2(z) · · · bN (z) :, E(z) =: c1(z)c2(z) · · · cN(z) : .
Let B(z) = Q(z)(0)D(z), C(z) = G(z)(0)E(z). Let VN be the vertex algebra generated by
these eight sections. When N = 2, V is an N = 4 superconfomal vertex algebra with
central charge 6. (Here the Virasolo field is L(z) − 1
2
J(z).) We will show that if X is a K3
surface, these eight sections strongly generate ΩchX (X) as a vertex algebra.
Let Ω¯N be the subalgebra of the ΩN , which is generated by β
i(z), ∂γi(z), bi(z), ci(z). It
is a tensor product of a system of free bosons and a system of free fermions. V0 is a
subalgebra of Ω¯N . On Ω¯N there is a positive definite Hermitian form (−,−) with the
following property:
(βxi(n)A,B) = (A, α
x′i
(−n)B), for any n ∈ Z, n 6= 0, ∀A,B ∈ Ω¯N ;(6.6)
(bxi(n)A,B) = (A, c
x′i
(−n−1)B), for any n ∈ Z, ∀A,B ∈ Ω¯N .
It is easy to check
Q∗(n) = G(−n+1), J
∗
(n) = J(−n),(6.7)
L∗(n) = L(−n+2) − (n− 1)J(−n+1), D
∗
(n) = (−1)
N(N−1)
2 E(N−2−n),
Let L˜ = L − 1
2
∂J . L˜ is a virasoro field with central charge 3N . L˜∗(n) = L˜(−n+2). We can
conclude
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Lemma 6.4. Ω¯N is a unitary representation of the Lie algebra generated by
{Q(n), G(n), J(n), L(n), D(n), E(n), B(n), C(n)}n∈Z
and VN is a simple conformal vertex algebra with central charge 3N .
Assume X is an N dimensional complex manifold with holonomy group SU(N). By
Theorem 5.6 and Proposition 6.1, gr2(Q)(X) is isomorphic to gr2(Q)|
sl(N,C)[t]
x . gr2(Q)|x is a
∂-ring, which is isomorphic to
R = C[∂kβi, ∂k+1γi, ∂kbi, ∂kci], k ≥ 0, 1 ≤ i ≤ N.
So to calculate the holomorphic sections of gr2(Q) is to calculate RslN [t]. It is easy to see
that the following eight elements of R are slN [t] invariant.
N∑
i=1
βici,
N∑
i=1
βi∂γi,
−
N∑
i=1
bici,
N∑
i=1
bi∂γi,
b1b2 · · · bN , c1c2 · · · cN ,(6.8)
N∑
i=1
(−1)i−1b1 · · · bi−1βibi+1 · · · bN ,
N∑
i=1
(−1)i−1c1 · · · ci−1∂γici+1 · · · cN .
We have the following theorem.
Theorem 6.5. If the holonomy group of the N-dimensional Ka¨hler manifold X is SU(N) and
Rsl(N,C)[t] is generated by above eight elements as a ∂-ring, then the space of global sections of the
chiral de Rham complex of X is a simple vertex algebra strongly generated by
Q(z), L(z), J(z), G(z), B(z), D(z), C(z), E(z).
Proof. The images of the above eight sections under the map of φ∗ and ψ∗,∗ locally are
ψ1,1(φ1(Q(z))) =
N∑
i=1
βici, ψ1,1(φ1(L(z))) =
N∑
i=1
βi∂γi,
ψ1,0(φ1(J(z))) = −
N∑
i=1
bici, ψ1,0(φ1(G(z))) =
N∑
i=1
bi∂γi,
ψN,0(φN(D(z))) =
1
f
b1b2 · · · bN , ψ0,0(φ0(E(z))) = fc
1c2 · · · cN ,
(6.9)
ψN,1(φN(B(z))) =
N∑
i=1
(−1)i−1
1
f
b1 · · · bi−1βibi+1 · · · bN ,
ψ0,0(φ0(C(z))) =
N∑
i=1
(−1)i−1fc1 · · · ci−1∂γici+1 · · · cN .
They are global sections of gr2(Q). By assumption, the eight elements of (6.8) gener-
ated gr2(Q)|
slN [t]
p as a ∂-ring. Compare (6.8) and (6.9). By Theorem 5.6 the eight global
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sections in (6.9) generate gr2(Q)(X) as a ∂-ring. By Lemma 6.2 and 6.3, the eight sections
Q(z), L(z), J(z), G(z), B(z), D(z), C(z), E(z) strongly generate the vertex algebra ΩchX (X).

From [6] and the classical invariant theory [10], when N = 2, RslN [t] is generated by the
eight elements of (6.8), so Theorem 1.2 is a corollary of Theorem 6.5.
Let X be an Enriques surface. Then X is the quotient of a K3 surface X˜ by a fixed
point-free involution σ. σ induce an automorphism of Ωch
X˜
(X˜) which maps Q(z), L(z),
J(z), G(z), B(z), D(z), C(z), E(z) to Q(z), L(z), J(z), G(z), −B(z), −D(z), −C(z), −E(z),
respectively. Obviously, ΩchX (X) is isomorphic to the subalgebra of Ω
ch
X˜
(X˜)σ consisting the
invariant elements of σ.
Theorem 6.6.
ΩchX (X) = Ω
ch
X˜
(X˜)σ.
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